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An analysis o f n >  1 free-boundary modes in Heliotron-E-like configurations using the stellarator ex­
pansion code STEP is given. It is shown that an axisymmetric quadrupol field improves the stability prop­
erties o f  these high-shear equilibria. The corresponding vacuum quadrupole field is used to find vacuum  
field configurations with an average magnetic well o f  (A K y F )min =  -4 % .

1. Introduction

The v acuum  magnetic field o f  the H elio tron-E  
device [1, 2] is a high-shear 1 = 2  stellarator with a 
large average magnetic hill, a high rotat ional t ran s ­
fo rm  at the  p lasm a b o undary ,  and a p lanar  
magnetic  axis.  Previous ideal m agne tohyd ro ­
dynam ic (M H D ) stability com puta t ions  o f  free- 
b o u n d a ry  m odes  with low values o f  the toroidal 
m ode  n u m b e r  n show that a limiting average ß-  
value o f  </?>c r~ 2 %  can be estimated [ 3 - 6 ]  in 
agreem ent with experimental results [1]. In the 
numerical w ork  a b road  pressure profile has been 
assum ed (ß 0 ~  1.35 </?» . F o r  a m ore  peaked pres­
sure profile  the critical </?>cr-value is 1 .4% .

As show n in [6], the s tabilization o f  the most un ­
stable n  =  1, m  =  1 mode is mainly caused by the 
increase o f  shear  at the resonant t =  1 surface by 
varying the  to ro ida l field ra the r  than  by deepening 
o f  the m agnetic  well. So the critical /7-limit in­
creases as the  toroidal field increases because the 
resonant t =  1 surface is shifted to the high-shear 
region. T h e  H elio tron-E  device has the fea ture  [6] 
tha t w ith in  certain limits the to ro ida l field and  thus 
the twist can  be varied. Effects due to the shaping 
o f  the pressure profile on the M H D  stability have 
been stud ied  in [3].

In the present paper, the effect o f  an  axisym ­
metric q u a d ru p o le  field, which produces a vacuum  
m agnetic  well in Heliotron-E-like configurations, 
on  unstab le  ideal M H D  modes in finite-/? equilibria 
is investigated. The asym ptotic  S TE P  code [7] was
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used, being an  adequa te  tool [ 8 - 1 0 ]  to study the 
M H D  stability o f  these equilibria  with a free 
b o u n d a ry  between the p lasm a an d  vacuum  re­
gions. T he  exploita tion  o f  the vacuum  magnetic 
well as stabilizing m echanism  is substantia l in low- 
shear configura t ions  [ 1 0 - 1 2 ]  such as W E N D E L ­
S T E IN  VII-A. In Sect. 2, the equilibrium p ro p e r ­
ties o f  the  H elio tron-E-type configurations being 
s tudied are given. In Sect. 3, stability results from  
the m o d e  analysis an d  critical /2-values are given.

2. Vacuum  Field Properties and Finite-/? Equilibria

The vacuum  m agnetic  field o f  the H elio tron-E  
con f igura t ion  with M  =  19 field periods a ro u n d  
the to rus  can be ap p rox im ated  in the asym ptotic  
sense [3] by a series o f  Bessel functions [7] o r  can 
be given exactly by D om m aschk  potentials  [3, 13] 
as so lu tions o f  the Laplace equa tion .  These have 
been com pu ted  fo r  a particu lar  coil field [14] o f  the 
H e lio tron -E  device. In the S T E P  code an  asym p­
totic rep resen ta t ion  o f  these fields is used. Im p o r ­
tan t  p roperties  o f  the magnetic  field s tructure  are 
the radia l profiles o f  the twist t (angle o f  ro ta t ional  
t r a n s fo rm  divided by 2 n )  and  the specific volum e 
V  as functions o f  the to ro ida l magnetic flux. 
O ther  properties  [15, 16] associa ted with the struc­
ture o f  the vacuum  magnetic  field, such as the 
m agn itude  o f  the Pfirsch-Schliiter  currents ,  are 
given fo r  a class o f  configurat ions.

Using the Bessel m odel,  a s tandard  toroida l stel­
la ra to r  field is given asym ptotically  in a quasi-cy- 
lindrical coo rd ina te  system (r , 6, 0 )  by 

B — B q  R  y

• V [0 +  ( S / M )  11 ( M r / R T) sin ( 1 6 -  M 0 ) ]  ,
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Table 1

Heliotron-E coil field FZH184
MPER, IA N P, RA, B Z O /ID N , M, L, ANP

19 40 9.86E - 0 1 -  2.879E -  03
2 0 2 1 .7 3 2 E -0 1
1 0 3 -  2.058E -  01
2 0 4 -  6.703E + 01
1 0 5 5.673E + 02
2 0 6 -1 .2 7 7 E  + 04
1 19 1 — 1.517E —02
2 19 1 1.476E -  02
1 19 2 -  3.224E + 00
2 19 2 -3 .1 7 0 E  + 00
1 19 3 1.959E + 00
2 19 3 -  4.474E + 00
1 19 4 -1 .1 3 7 E  + 03
2 19 4 -  5.499E + 02
1 19 5 4.466E + 02
2 19 5 2.308E + 02
1 19 6 -7 .9 4 7 E  + 04
2 19 6 1.433E + 05
1 38 1 3.898E -  04
2 38 1 1 .8 0 0 E -0 4
1 38 2 -  1.612E -  02
2 38 2 4 .1 5 6 E -0 3
1 38 3 2.372E + 00
2 38 3 -  1.820E + 00
1 38 4 3.984E + 02
2 38 4 4.335E + 02
1 38 5 9.594E + 02
2 38 5 1.602E + 03
1 38 6 5.799E + 05
2 38 6 3.967E + 05
1 57 2 3.494E -  03
2 57 2 2.634E -  04
1 57 3 - 1 .3 2 0 E - 0 1
2 57 3 - 1 .3 1 5 E - 0 2
1 57 4 1.831E + 01
2 57 4 - 1 .9 2 6 E - 0 1
1 57 5 -  8.970E + 02
2 57 5 6.319E + 02
1 57 6 -  4.554E + 04
2 57 6 -  1.502E + 05

where R T is the m a jo r  to rus radius,  B 0 the refer­
ence field at the m agnetic axis, an d  I / (x )  a Bessel 
function .  F o r  / =  2, the asym pto tic  value o f  the 
twist on  the m agnetic axis is given by t0 =  M<52/ \ 6 .  
A  typical value o f  ö  for  H elio tron-E  is Ö =  0.67, 
giving / 0 =  0.53. By applying add it iona l helical 
/ =  3, 4 fields, the radial profiles o f  the twist and  
the specific volum e can be changed.

In terms o f  D om m aschk  potentia ls  Vmj ( R ,  0 ,Z ) ,  
the exact scalar potential for  the vacuum  field

m  =  0 , M ,  2 M ,  /  = 0 , 1 , 2 ,  3 , . . .

is given by the D om m aschk  functions D m /, N mj _  \ :

Vm l (R,  0 , Z )  =  A {" , D m>is in (m (p )

+  1 COS(m0)

f o r /  =  0 , 2 , 4 , . . . ,  

Vm l (R,  0 ,  Z )  =  A  D m>, COS (A77 0  )

+  A $ t l N mj _ \  s i n ( w 0 )

for / =  1, 3, 5, . . . ,

where the no ta tion  o f  [13] is used; here m  is a sum  
index; (R , 0 , Z )  are ord inary  cylindrical c o o r ­
dinates, 0  is the toroidal angle and  / the po lo ida l 
ste llara tor m ode  number; m  describes the to ro ida l  
harm onics  associated with the com m on period  
num ber  M ; here terms with negative indices must 
not occur an d  so A {2)j _  ̂ =  0 for  / = 0, and because 
o f  the ste llara tor sym m etry  Vm , (R ,  0 , Z )  
=  -  Vm l (R,  - 0 , - Z ) ,  the potential l/ o,o =  0 
vanishes.

The norm aliza tion  used here is that the main  
toroidal field =  \ / R  is one at R  =  1. The  p o te n ­
tial for the hom ogeneous vertical field B v in 
the Z-direction is given by Vq\ \ = A q\ Z  (i.e. 
D 0 i = Z ) .  The  D om m aschk  functions D mj ,  N mj  
are explicitly given in [13]. A  positive vertical field 
shifts the m ean position o f  the magnetic axis 
radially inward. The set o f  coefficients ^ 4 ^ /  for  the 
s tandard  H elio tron-E  configuration  is given in 
T able 1 in the last column; here the first two lines 
nam e a configuration .  In the th ird  line, the nu m b e r  
M  o f  field periods, the num ber  o f  potentials, the 
average location  o f  the magnetic axis, and the rela­
tive size o f  the hom ogeneous vertical field (e.g. 
B w/ B q ?= - 0 .0 0 2 9 )  are given; the first three 
columns start ing  with the fou r th  line give the u p p er  
and  the lower indices o f  A ^ j .

T he potentia l o f  the leading 1 = 2  stellarator field 
is given by A\\) i2, A \ 2̂ 2 • In case o f  a  s tandard  / =  2 
ste llara tor  field, these two coefficients are equal 
(e.g. A  19̂ 2 =  C  ~  -  3.2 in Tab le  1). The twist t0 on 
the magnetic axis can be ob ta ined  from t0{ M -  t 0) 
=  C 2, and  the associated asymptotic value is 
/asym =  C 2/ M .  So the relation o f  the coefficient C 2 
to  the am plitude  S in the Bessel model is 
C 2 =  ( M Ö / 4 ) 2. In the case o f  Helio tron-E , the 
period num ber  M  =  19 is large com pared  with the 
twist /0 - 0 .5 3  on  axis and  hence the deviation o f  
the asym pto tic  /-value from  the exact value is very 
small. A field-line tracing code is also used to c o m ­
pute  the twist and  the specific volume V .  The 
D om m aschk  coefficients o f  Table  1 result from  the
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*„»2.5,  A V ' / VÖ = 31 °/.(hill) t  b= 1.22, ( AV7VÖ )min = -3.5 V*

Fig. 1. Contour plots o f magnetic surfaces at 0, LP/4 ,  Lp/ 2 o f a field period 
with period length LP.

r /  Rt

Fig. 2. Twist as function o f the minor 
radius o f the magnetic surfaces for the 
H eliotron-E coil field and the configura­
tions HE-T1, HE-T2.

num erical so lu tion  o f  a bou n d ary  value problem  
[13] to the given vacuum  field o f  a H elio tron-E  coil 
system. F o r  tha t  purpose, the toroidal harm onics  
up  to th ird  o rder  have been included (m  =  57). In 
the m odel fields as given in Tables 2 and  3, only 
harm onics  up  to  first order  (m  -  19) have been 
taken  in to  accoun t .  The identification o f  the corre­
spond ing  D om m aschk  potentials  ensues from  the 
up p er  and  lower case indices.

The  co n tou rs  o f  the magnetic surfaces o f  that 
con f igu ra t ion  are  shown in Fig. 1 (left part) at 0, 
L p /4 ,  L p /2  o f  a field period with length L P . The 
co rrespond ing  twist t  and  the specific volume V ,

norm alized  to its value Vq at the m agnetic axis, are 
shown in Figs. 2 an d  3 as functions o f  the mean 
m inor  radius r  o f  the m agnetic surfaces, no rm a l­
ized by the m a jo r  to rus radius R T . The twist 
profile is approx im ate ly

t ( r )  =  0.52 [1 +  1 .3 0 ( r / a ) 2 +  2 .2 3 ( r / a ) 4] ,

where a  is the m ean  m inor  p lasm a radius and  
A  =  R T/ a  is the aspect ratio . T he  H elio tron-E  
vacuum  field has an average m agnetic hill o f  
A V ' / V q =  31% , which is u n favou rab le  for M H D  
stability, while the high shear provides the s tab i­
lization m echanism .
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r / Rt

Fig. 3. Specific volume V  as function o f r 
for the Heliotron-E coil field and the con­
figurations H E -T l, HE-T2, HE-T3.
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Fig. 4. Contour plots o f magnetic surfaces for Heliotron-E like configura­
tions.

T o  d em onstra te  how the m ultipole fields can be 
ad justed  to  get a vacuum  field con f igu ra t ion  with 
an average magnetic well ( V "  <  0), three d ifferent 
configurations are show n in the Figs. 1 and  4 (the 
co rresponding  potentia ls  are given in Table  2). 
Fields o f  this type are then  used to  p e r fo rm  the 
m ode analysis. Essentially, the hom ogeneous  
vertical field, the axisym m etric  q u ad ru p o le  0 4 ^ )  
and  hexapole ( / lo j )  fields have been ad jus ted  to 
get configurations with good  field properties.  The  
hom ogeneous  vertical field can be used to shift the

p lasm a co lum n radially inward, but at the sam e 
time the  average magnetic hill is increased. A 
helical d ipole field 0 4 $ , i  > A $ t\)  is there fo re  a p ­
plied [10] to shift the p lasm a co lum n radially  in­
w ard  ( tow ards the main  to rus  axis) and  ou tw ard ,  
which does not displace the magnetic surfaces to 
each other.

T he  twist t  and  the specific volume V  o f  the 
H elio tron-E-like  configurations H E - T l ,  H E -T 2 ,  
H E-T3 are shown in the Figs. 2 and  3 as functions 
o f  r / R j .  The /-profile o f  the conf igurat ion  H E -T l
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Table 2

Field configuration HE-T1
M PER, IA N P, RA, B Z O /ID N , M, L, ANP

13 1 .00E 4  00 -  0.006E + 00
2 0 2 -0 .1 2 0 E  + 00
1 0 3 -  0.090E + 00
1 19 2 -1 .9 2 0 E  + 00
2 19 2 -  2.520E + 00
1 19 3 -  5.580E 4  00
2 19 3 + 6.480E + 00
1 19 4 -  6.480E + 02
2 19 4 -3 .1 2 0 E  + 02
1 19 5 -  3.258E + 03
2 19 5 2.916E + 03
1 19 6 -  2.004E + 05
2 19 6 -  5.604E + 04

Field configuration HE-T2
M PER, IA N P, RA, B Z O /ID N , M, L, AN P

13 1.00E + 00 -  0.006E 4  00
2 0 2 + 0.120E + 00
1 0 3 -  0.090E 4  00
1 19 2 -1 .9 2 0 E  + 00
2 19 2 -  2.520E + 00
1 19 3 -  5.580E + 00
2 19 3 + 6.480E 4  00
1 19 4 -  6.448E 4  02
2 19 4 -  3.120E +  02
1 19 5 -  3.258E 4- 03
2 19 5 2.916E 4  03
1 19 6 -  2.004E + 05
2 19 6 -  5.604E + 04

Field configuration HE-T3
M PER, IA N P, RA, B Z O /ID N , M, L, AN P

19 13 1 .00E + 00 4  0.006E 4  00
2 0 2 4  0.120E 4- 00
1 0 3 4- 0.090E + 00
1 19 2 -1 .9 2 0 E  + 00
2 19 2 -  2.520E 4- 00
1 19 3 -  5.580E 4  00
2 19 3 4  6.480E 4  00
1 19 4 -  6.480E 4  02
2 19 4 - 3 .1 20E 4  02
1 19 5 -  3.258E 4  03
2 19 5 2.916E 4  03
1 19 6 -  2.004E 4  05
2 19 6 -  5.604E 4  04

Fig. 5. Normalized specific volume as function o f  the axisym- 
metric quadrupole field at various minor radii for the con­
figurations HE-T1 and HE-T2.

Fig. 6. Normalized parallel current density as function of the 
twist t for various configurations.

is very flat near  the  magnetic axis. The  twist and 
global shear A t / t 0 a re  somewhat smaller than  for 
the H e lio tron-E  coil field, but the local shear r t ' / t  
is large near  the p la sm a boundary  w here the n =  1, 
m  =  1 m ode  is resonan t to  t = n / m  =  1; here m  and

n are the m o d e  num bers  o f  instabilities in the 
poloidal and  to ro ida l  d irections, respectively.

F o r  the stabili ty analysis (Sect. 3), the /“-range is 
chosen such tha t  the m ode  with n / m  -  1 is reso­
nan t to t -  1 w ithin the p lasm a region, where the
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shear is small near  the magnetic  axis in the finite-/? 
configurations.  T he  specific vo lum e V  decreases 
to values o f  A V ' / V q =  - 3 . 5 %  (at r / a  *  0.6, see 
Fig. 3) as the m ino r  radius increases and  only in the 
ou ter  p lasm a region the q uan t i ty  V"  is positive. A 
negative V"  is favourab le  for  M H D  stability. In 
the case o f  high /-values at the b o u n d a ry  ( t b ~  2), 
V"  is negative only in a very narrow  region near 
the m agnetic axis. T he  dependence o f  the m agnetic 
well on  the axisym m etric  q u ad ru p o le  field is shown 
in Fig. 5, where the norm alized specific volum e is 
plo tted  as function  o f  Ajfy  f ° r tw0 different 
magnetic surfaces (labelled by the norm alized 
m inor  radius r / R T). F o r  =  - 0 . 1 5 ,  the average 
magnetic well is ab o u t  - 4 %  at r / R T -  0.05. All 
results show n in the Figs. 1 to  6 are vacuum  field 
properties and  have been com pu ted  by a field-line 
tracing code.

A n o th e r  quan t i ty  o f  interest for  A dvanced  Stel­
la ra tors  [15] is the m agn itude  o f  the norm alized 
parallel current density, which is m easured  by 
( j \ \ / j ±  ) anc* depends sensitively on the qu ad ru p o le  
field. The  ra tion  ( j u / j ± > is ob ta ined  f rom  the 
poloidal varia tion  o f  j d l / B  o f  the vacuum  m agne t­
ic fields, taken  a long  a field line over one field 
period. The quantities  yy an d  j ± are the abso lu te  
values o f  the secondary  and  the d iam agnetic  cu r­
rent densities, respectively. This quan ti ty  scales as 
2 / t  for a  s tandard  1 = 2  s te llara tor .  This is shown 
in Fig. 6 for the various conf igurat ions .  The  con ­
figura tion  H E-T3 has the rem arkab le  fea ture  that 
the Pfirsch-Schliiter  curren ts  are considerably  
reduced but,  un fo r tuna te ly ,  the twist at the m ag­
netic axis is small and  a high average magnetic  hill 
o f  the same o rder  as for  the coil field o f  H elio tron- 
E appears .  This is a co m m o n  fea ture  with o ther  
reduced-Q configurat ions [17]. Since the Pfirsch- 
Schliiter currents are  considerably  reduced here 
and  are o f  the o rder  o f  those in the W  VII-AS con ­
figuration ,  it is o f  interest to study this effect on 
global unstable modes.

The  ste llara tor  expansion  procedure  S T E P  [7] 
reduces the finite-/? equilibrium problem  to solu­
tion o f  a tw o-dim ensional elliptic d ifferentia l e q u a ­
tion o f  the G rad-S ch lü te r -S ha franov  type for  the 
average norm alized poloidal flux function  i//. The 
input da ta  consist o f  two free functions o f  i//, 
nam ely the pressure p ( i//) and  the to ro ida l net cu r­
rent in each flux surface (or equivalently  the twist 
profile), together  with the vacuum  magnetic  field

da ta  averaged over one field period. All equilibria 
s tudied here are net-current-free ste lla ra tors  and  
consequently  the twist profiles result accordingly.

A n  inherent fea ture  o f  the asym pto tic  represen­
ta tion  o f  vacuum fields is that the shear  and  the 
average magnetic well depth are som ew hat smaller 
than  it results from  exact in tegration o f  magnetic 
field lines [9]. The pressure p ro f i le /?(<//) is assum ed 
to be p(i//)  =  Po(\  — i//), resulting in an ap p ro x i­
m ately parabolic pressure profile in r. So the 
relation between the average < /?>-value and  the /?0- 
value at the m agnetic axis is approx im ate ly
< /?> ~  /?0/ l  .7. In all cases the aspect ra t io  is abou t 
A  =  R j / a  =  11.

In the asymptotic  theory, the m agnetic  surfaces 
o f  lowest order  are axisymmetric. T he  con tou rs  o f  
the lowest-order m agnetic surfaces o f  a typical 
finite-/? equilibrium configuration  are  shown in 
Fig. 7 for  </?> =  2 .2%  ( /?0 = 3 .7% , u p p e r  graph), 
as com puted  by the S T E P  code. A free bou n d ary  
between the plasma an d  vacuum regions is as­
sumed. The associated D om m aschk  potentia ls  are 
given in Table 3 (configuration  H E -T 4) .  F or  co m ­
parison ,  the corresponding  vacuum  field con ­
figura tion  (/? = 0) is also shown in the lower graph 
o f  F igure 7.

The  contours  o f  the plasma b o u n d a ry  are almost 
the same for </?> =  0 and  2 .2% . T he  effect o f  the 
negative quad rupo le  field (axisym metric  1 =  2 
field) is clearly observed near the m agnetic  axis (ly­
ing ellipses). At high /?-values these lying ellipses 
were changed to standing  ellipses. As shown in 
Sect. 3, the stability properties o f  the finite-/? con-

Table 3.

Field configuration HE-T4
MPER, IA NP, RA, B Z O /ID N , M, L, A N P

19 15 1.00E + 00 -  0.012E + 00
2 0 2 -0 .1 7 0 E  + 00
1 0 3 + 0.100E + 00
1 19 1 -  0.020E + 00
2 19 1 + 0.020E + 00
1 19 2 -3 .1 0 0 E  + 00
2 19 2 -  3.400E + 00
1 19 3 -  2.540E + 01
2 19 3 + 2.990E + 01
1 19 4 -  6.480E + 02
2 19 4 -3 .1 2 0 E  + 02
1 19 5 -  3.258E + 03
2 19 5 2.916E +  03
1 19 6 -  2.004E + 05
2 19 6 -  5.604E + 04



F. Herrnegger • Vacuum Magnetic Well on Magnetohydrodynamic Stability 1091

<ß> =2.2%

t

Fig. 8. Normalized specific 
volume as function o f  the 
minor radius for the con­
figuration HE-T4 with 
</?> = 2.2%.

Fig. 9. Twist as function of 
the minor radius at various 
/9-values in the configuration 
HE-T4.

Fig. 7. Contours o f zeroth-order magnetic surfaces o f the con- Fig. 10. Shafranov displacement o f the magnetic axis as func- 
figuration HE-T4 (Table 3). tion o f <ß > for the configuration HE-T4.

f igura tions a re  im proved  if  the axisymmetric 
q u a d ru p o le  field at ß  =  0 takes even larger 
abso lu te  values than  used here. This stabilizing 
m echanism  is the same as creating an  average 
m agnetic  well in the vacuum  field by applying an 
axisym m etric  q u ad ru p o le  field (see Figure 5). F or  
com par ison ,  the con tours  o f  the zeroth order  
m agnetic  surfaces o f  the s tandard  H elio tron-E  
co n f ig u ra t io n  are s tanding ellipses as can be 
observed f rom  Figure 1.

Figures 8 a n d  9 show the specific volume V  and  
the twist as functions o f  the m inor  p lasm a radius 
fo r  the  con f igu ra t ion  H E -T 4  with </?> = 2 .2% . 
T he  twist p rofile  is changed at finite ß  only in the 
in te r io r  p la sm a  region (r / a  ^  0.5), but is the same 
in the ou te r  region. A lthough  the twist at finite /?is 
very close to  one in the interior p lasm a region and  
thus is resonan t with n / m  -  1 modes, no  unstable 
m odes  with low toro ida l m ode num bers  n = 1 to 5

were observed. T he  reason  is that the  m agnetic well 
(see Fig. 8) near  the m agnetic axis is sufficiently 
deep to stabilize these m odes. T he  finite-/? 
S hafranov  disp lacem ent 0 / a  is show n in Fig. 10 as 
function  o f  </?>.

3. Stability R esults, Critical ß

The analysis o f  f ree -boundary  m odes was per­
fo rm ed  fo r  the H e lio tron -E  coil field configuration  
(Table 1) an d  the m odel fields H E-T1 to  H E -T 4  
(Tables 2 an d  3), w here  the axisym m etric  q u a d ru ­
pole an d  the helical d ipol fields were varied. The 
helical / =  2 field ( ^ 19,2) is ad ju s ted  so that the 
twist at the b o u n d a ry  assumes the desired value. 
T he  equilib rium  density  profile  q is determ ined 
from  the  equi lib r ium  pressure by g  ~  | f p  where the 
density at m agnetic  axis is one (i.e. the adiabatic  
exponent y* =  2). T ogether  with the reference
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m agnetic field B 0 tha t  determines the  A lfven  velo­
city vA , which is used to  norm alize the eigenvalue 
( y R T/ v A)2. I f  negative eigenvalues occur, the co n ­
f igura tion  is unstable . The  num erical p rocedure  
S T E P  to solve the eigenvalue p rob lem  is described 
in [7]. In all examples here, there  is a vacuum  
region su r round ing  the plasma. A n  electrically 
conduc ting  wall is assum ed to be at infinity.

A n  unstable eigenfunction  is represented  by the 
Fourie r  com ponen ts  r]m o f  the s tream  function  // 
such tha t  £ =  \ ( p  x  \ r }  an d  by the a r row  plot o f  the 
d isplacement vector £ where the length o f  the a r ­
row measures the relative m agn itude  o f  the dis­
p lacement vector. F igure 11 shows an  exam ple  o f  
an unstab le  n =  1 f ree-boundary  m o d e  (upper 
graph),  where only the dom inan t  m  =  1 Fourie r  
harm on ic  and  its ne ighbouring  side ban d s  have a 
sizable am plitude .  T he  e igenfunction assum es its 
m ax im um  at the b o u n d a ry  (external f ree-boundary  
mode). The  lower g raph  shows the co rrespond ing  
displacement vector. The  eigenvalues an d  the  twist 
at the m agnetic axis a n d  at the b o u n d a ry  are  given 
in the Figures.

In Fig. 12, an unstab le  n =  4 f ree -boundary  
m ode is shown. The  /‘-profile o f  the equilibrium  
configuration  is chosen such tha t  the main  
resonances n / m  = 1 a n d  n / m  =  4 /3  are  within the 
plasm a region. Both resonances ap p e a r  on  those 
magnetic surfaces where the resonance condition ,  
/ res =  n / m ,  is satisfied. In con f igura t ions  with 
higher shear, o the r  Fourie r  harm onics  can be 
resonant.  A n unstable eigenfunction with several 
resonant Fourier  ha rm onics  is show n in Fig. 13, 
where the finite-/? equilibrium  con f igu ra t ion  is 
similar to the configura t ion  H E-T3 an d  is chosen 
such tha t  t0 =  OA7,  t b =  1.79, which results in a 
high shear near the magnetic  axis. In this case, 
however, the shear stabilization  is not sufficient to 
stabilize these modes. A t the same time it is shown 
that the fine radial s truc tu re  o f  the m odes  can be 
resolved.

F or  the s tandard  H elio tron-E  coil field, the 
eigenvalues o f  the m ost unstab le  n =  2, m  =  2 free- 
b o u n d a ry  m ode is com pu ted  as func tion  o f  <ß >. 
This is shown in Fig. 14, where the critical <ß \ r- 
value is found  to be </?>cr =  1.4%  fo r  the pressure 
profile p  =  P q( \  -  i//). This result agrees with that 
found  by Jo h n so n  [3]. N o  unstable f ree -boundary  
modes with toroidal m o d e  num bers  n = 1 to 5 in­
vestigated so far have been found  at smaller ß-

I0TA(0)* 0.5720

V

X

Fig. 11. Unstable n = 2 eigenfunction with dominant m = 1 ,2  
Fourier harmonics (upper graph) and displacement vectors 
(lower graph, ß0 = 3%, </?> = ! .8%).

IOTA(0)= 0.5720

0. 00  0 . 25  0 . 50  0 . 75  1.00
V

Fig. 12. Unstable n = 4 eigenfunction with dominant m =  3 ,4  
Fourier harmonics being resonant at t =  4 /3  and 4 /4  (ß 0 = 3%, 
</?> = 1.8%).
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I0TA(0)= 0.4719

<X> I0TA(I)= 1.7919 n= A EIGENVALUE* -0.0007976 1n

V

Fig. 13. Unstable n = 4 eigenfunction with several resonant 
Fourier harmonics in a high shear system.

<p>

Fig. 14. Normalized eigenvalues o f an unstable n = 2 free- 
boundary mode as function o f <ß > in the Heliotron-E experi­
mental device.

values. A t h igher /2-values, o the r  m odes  with 
n =  3, 4, 5 are fo u n d  to be unstable .

To  im prove the stability properties o f  this class 
o f  equilibria at higher /7-values, the helical dipole 
field 04^9,1 =  -  A  19*!) was varied. In general,  each 
o f  these potentia ls  can be varied independently . 
The  results for the eigenvalues o f  uns tab le  modes 
are shown in Figure 15. T he  D om m aschk  p o ten ­
tials o f  the correspond ing  equilibr ium  con f igu ra ­
tion are the same as given in T ab le  3 except 
A \ ^ 2  =  —3.0, A \ 9̂ 2 =  —3.6, A (q 2 = 0.1; A j is

a(2>
A  19,1

Fig. 15. Eigenvalues o f n = 1 and n = 2 modes as functions o f  
the helical dipole field.

Fig. 16. Eigenvalues o f n = 1, m = 1 modes as functions o f the 
axisymmetric quadrupole field for several </?>-values.

varied between 0.02 and  0.15, which results in a 
small change o f  the twist profile t0 =  0.68 
( ^ , =  1.89) to / q - 0 - 7 8  ( /b = 2.1), respectively. 
Here ,  one observes that the m agn itude  o f  the most 
unstable eigenvalue is diminished by m ore than  
one order  o f  m agnitude.

However, the axisymmetric q u ad ru p o le  field 
(y 4 ^ )  is m ore  effective in removing the remaining 
resonant unstable modes, as is show n in F igure 16. 
T he  equilibrium configuration  is the same as given 
in Table 3 except A \g  2 -  - 3 . 3 ,  A ('2̂ 2 =  - 3 . 6 ;  the
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10TA(0)* 0.6941

V

X

Fig. 17. Internal n = \ ,  m =  1 free-boundary mode and dis­
placement vector.

Fig. 18. Critical ß-value as function o f the quadrupole field for 
stable Heliotron-E-like configurations.

axisymmetric quadrupo le  field ( A q^)  is varied within 
a certain range. H ere  the eigenvalues o f  unstable 
n =  1, m res =  1 m odes are p lo tted  as functions o f  
A f y  for various </?>-values. T he  same s tudy has 
been carried ou t fo r  n =  2, . . . ,  5 modes. In all con­
f igurations o f  this class, no  unstab le  f ree-boundary  
modes with n =  1 to 5 were fo u n d  afte r  the n =  1, 
m  =  1 resonant m o d e  had been stabilized. The 
s tructure  o f  this in ternal f ree-boundary  m ode  and  
the d isplacement vectors are  show n in F igure 17.

T he  equilibrium con f igura t ion  H E -T 4  (see Table 
3) with <ß > =  2 .2 °7o is shown in Fig. 7, where all 
low n modes have been stabilized. The scaling o f  
the critical </?>cr-value for  stability with the 
quad rupo le  field is shown in Figure 18. F o r  this 
class o f  h igh-shear m agnetic  field configurat ions,  
the critical </?>cr-value for  M H D  stability was in­
creased from  1 .4%  to </?>cr =  2 .2 % . A pplying a 
b roader  pressure profile with zero pressure g ra­
dient at the b o u n d a ry  and  using even larger 
quad ru p o le  fields, the critical /?-value can be im ­
proved. A second stability regime for  f ree-bound­
ary  modes was not found .

4. Conclusions

It is shown tha t  for  H elio tron-E-like  conf igu ra ­
tions, an axisym m etric  q u ad ru p o le  field allows the 
independent con tro l  o f  the vacuum  m agnetic  well 
in a b ro ad  region near the m agnetic  axis and  im­
proves the critical beta-values for  stability resulting 
from  an ideal M H D  stability analysis o f  free- 
bou n d ary  m odes. It is worth-w hile  to consider the 
realization o f  such m agnetic field configura t ions  in 
the existing H elio tron -E  device or  in the next large 
helical device o f  M O E  (M inistry  o f  E duca tion ,  
Science, and  C u l tu re  o f  Ja p a n )  being designed by 
the H elio tron  g ro u p  in Kyoto ,  the Institu te  of  
P lasm a Physics in N agoya , and  o ther  g roups.  It 
also offers a way to investigate experimentally  
effects o f  the Pfirsch-Schltiter  currents  in existing 
experimental devices. Effects o f  axisymmetric 
quad rupo le  fields in the W E N D E L S T E IN  VII-A 
and  VII-AS conf igura t ions  will be studied.
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